Blickle, Mustaţȃ and Smith proposed two conjectures on the limits of F -pure thresholds. One conjecture asks whether or not the limit of a sequence of F -pure thresholds of principal ideals on regular local rings of fixed dimension can be written as an F -pure thresholds in lower dimension. Another conjecture predicts that any F -pure threshold of a formal power series can be written as the F -pure threshold of a polynomial. In this paper, we prove that the first conjecture has a counterexample but a weaker statement still holds. We also give a partial affirmative answer to the second conjecture.
Introduction
In characteristic zero, log canonical thresholds and their limits have played an increasingly important role in birational geometry. Recently, Hacon, M c Kernan and Xu verified the ascending chain condition for the set of log canonical thresholds in their celebrated paper [7] , which was applied to the termination of flips ( [1] ) and the boundedness of log Fano varieties ( [2] ).
On the other hand, there is another remarkable property on the limits of sequences of log canonical thresholds. For an integer d > 0, we denote by T d ⊆ Q the set of all log canonical thresholds lct(X; D) of a non-zero effective divisor D on a d-dimensional smooth variety X over C. Then the following property was predicted by Kollár ([10] ), proved by de Fernex, Ein and Mustaţȃ ( [6] ) and generalized to singular case in [7] . Theorem 1.1 ([6] ). Let d > 1 be an integer. Then any accumulation point of the set T d is contained in T d−1 .
In this paper, we work in positive characteristic and consider an analogous problem for F -pure thresholds (see Definition 2.3 below). For a prime number p > 0 and an integer d > 0, we denote by T d,p ⊆ Q the set of all F -pure thresholds fpt(A; (f )) of a principal ideal (f )
A of an F -finite d-dimensional regular local ring A of characteristic p > 0, here A is said to be F -finite if the Frobenius map F : A −→ A is finite. Motivated by several studies ( [24] , [23] , [9] ) which reveals a strong connection between F -pure thresholds in positive characteristic and log canonical thresholds in characteristic zero, the author recently verified the ascending chain condition for the set T d,p ( [13] , [14] ).
In the second half of this paper, we study another conjecture which was also proposed in [4] . Let F p be an algebraic closure of the finite field F p and T • d,p be the set of all F -pure thresholds fpt(A; (f )) of a principal ideal (f ) of the regular local ring A := (F p [x 1 , . . . , x d ]) (x 1 ,...,x d ) . Blickle, Mustaţȃ and Smith proved that the closure of T • d,p in R coincides with the set T d,p and furthermore, made the following conjecture. Conjecture 1.5. For a prime number p > 0 and an integer d > 0, we have T d,p = T • d,p . Since F -pure thresholds of polynomials are sometimes easier to study than those of formal power series ( [3] , [5] ), the above conjecture may be helpful for further understanding of the set T d,p . As a corollary of Theorem 1.4, we give an affirmative answer to the conjecture after restricting to Z (p) . In fact, since the closure S of a subset S ⊆ R coincides with Accum(S) ∪ S, we have T d,p = T • d,p = Accum(T • d,p ) ∪ T • d,p ⊆ Accum(T d,p ) ∪ T • d,p .
Combining with Theorem 1.4, we have T d,p ∩ Z (p) ⊆ (T d−1,p ∩ Z (p) ) ∪ T • d,p . Then Theorem 1.6 follows from induction on d.
Finally, we again consider Conjecture 1.5 without restricting to Z (p) . In this case, the above argument cannot work due to the pathologies encountered in Theorem 1.3. However, we give an affirmative answer in the case where d = 2.
Theorem 1.7 (Corollary 5.2). For any prime number p > 0, Conjecture 1.5 is true in d = 2, that is, we have T 2,p = T • 2,p .
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Convention. Throughout this paper, all rings are assumed to be commutative and with a unit element.
Preliminaries
Noetherian normal local ring, then R is excellent ( [11] ) and X = Spec(R) has a canonical divisor K X (see for example [15, p.4] ). Through this paper, all rings will be assumed to be F -finite and of characteristic p > 0. 
, consists of a pair (R, ∆) and a symbol a t• • = m i=1 a t i i , where m > 0 is an integer, a 1 , . . . , a m ⊆ R are ideals, and t 1 , . . . , t m 0 are real numbers.
• ) is said to be sharply F -pure if there exist an integer e > 0 and a morphism ϕ ∈ Hom R (F e * R(⌈(p e − 1)∆⌉), R) such that
(2) (R, ∆, a t• • ) is said to be strongly F -regular if for every non-zero element c ∈ R, there exist an integer e > 0 and a morphism ϕ ∈ Hom R (F e * R(⌈(p e − 1)∆⌉), R) such that
(3) A pair (R, ∆) is said to be sharply F -pure (resp. strongly F -regular ) if so is the triple (R, ∆, R 0 ).
(4) An F -finite Noetherian normal local ring R is sharply F -pure (resp. strongly F -regular ) if so is the pair (R, 0). Definition 2.3. Let (R, ∆, a t• • ) be a sharply F -pure triple and b R be a non-zero proper ideal.
(1) We define the F -pure threshold of b with respect to (R, ∆, a t•
Moreover, if ∆ = 0, we simply denote it by fpt(R; b).
be a strongly F -regular triple and b R be an ideal. Then we have
The proof is similar to that of [24, Proposition 2.2 (5)].
Test ideals.
In this subsection, we recall the definition and some basic properties of test ideals.
) ⊆ J for every e 0 and every ϕ ∈ Hom R (F e * R(⌈(p e − 1)∆⌉), R). Definition 2.6. Let (R, ∆, a t• • = m i=1 a t i i ) be a triple. Assume that a 1 , . . . , a m are non-zero ideals. Then we define the test ideal
to be an unique minimal non-zero uniformly (∆, a t• • , F )-compatible ideal. The test ideal always exists (see [18, Theorem 6.3] ).
For a pair (R, ∆), we define τ (R, ∆) := τ (R, ∆, R 0 ).
Definition 2.7. Let (X = Spec R, ∆) be a pair and e 0 be an integer. Assume that (p e − 1)(K X + ∆) is Cartier. Then there exists an isomorphism 
(3) There exists a real number ε > 0 such that for every 
where ∆| Rp is the flat pullback of ∆ to Spec R p . 
where ∆| R is the flat pullback of ∆ to Spec R.
Proof. The assertion in (3) follows from (2) and the ascending chain condition for ideals of R. It follows from [5, Lemma 3.21 ] that for all sufficiently large integer n > 0, we have
which proves (5) . The assertion in (7) follows from [13, Proposition 2.10 (iv)]. 20] ). Let (R, ∆) be a pair such that K X + ∆ is Q-Cartier, a ⊆ R be an ideal and t > 0 be a real number. Then there exists a real number δ > 0 such that for all real numbers t − δ < t ′ , t ′′ < t, we have
Definition 2.12 (cf. [9, Definition 2.1, 2.2]). Let q 2 be an integer, t > 0 be a real number and n ∈ Z be an integer. We define the n-th digit of t in base q by
We define the n-th truncation of t in base q by t n,q := ⌈tq n − 1⌉/q n ∈ Q.
Lemma 2.13. Let q > 1 be an integer and t > 0 be a real number. Then the following hold.
(1) For any integer n ∈ Z, we have
If t is a rational number, then after replacing q by its power, t (n) is non-zero and constant for all n 2. Proof. The assertions in (1) and (3) follow easily from the definition. For (2), replace q by its multiple so that we have q(q − 1)t ∈ Z. Then the assertion is obvious. Let R be a ring of characteristic p > 0, a ⊆ R be an ideal and q = p e be a power of p. We denote by a [q] the ideal of R generated by the set {f q | f ∈ a}. We note that if a is generated by f 1 , . . . , f n ∈ R, then a [q] is generated by f q 1 , . . . , f q n ∈ R. 2.4. Ultraproduct. In this subsection, we define the ultraproduct of a family of sets and recall some properties. We also define the catapower of a Noetherian local ring. The reader is referred to [16] for details.
Definition 2.16. Let U be a collection of subsets of N. U is called an ultrafilter if the following properties hold:
An ultrafilter U is called non-principal if the following holds:
By Zorn's Lemma, there exists a non-principal ultrafilter. From now on, we fix a non-principal ultrafilter U.
We define the ultraproduct of {T m } m∈N as
If T is a set and T m = T for all m, then we denote ulim m T m by * T and call it the ultrapower of T .
Let {T m } m∈N be a family of sets and a m ∈ T m for every m. We denote by ulim m a m the class of (a m ) m in ulim m T m .
Let {R m } m∈N be a family of rings and M m be an R m -module for every m. Then ulim m R m has the ring structure induced by that of m R m and ulim m M m has the structure of ulim R m -module induced by the structure of m R m -module on m M m . Moreover, if k m is a field for every m, then ulim m k m is a field.
Let k be an F -finite field of positive characteristic. Then the relative Frobenius
Let (R, m, k) be a local ring. Then, one can show that ( * R, * m, * k) is a local ring. However, even if R is Noetherian, the ultrapower * R may not be Noetherian because we do not have the equation ∩ n∈N ( * m) n = 0 in general. 
Let (R, m) be a Noetherian local ring, R # be the catapower and a m ∈ R for every m. We denote by [a m ] m ∈ R # the image of ulim m a m ∈ * R by the natural projection (1) (R # , ∆ # ) is also a strongly F -regular pair and (p e − 1)(K R # + ∆ # ) is Cartier.
(2) If t := lim m−→∞ fpt(R, ∆; a m ) exists, then we have t = fpt(R # , ∆ # ; a). Lemma 2.22. Let d > 0 be an integer, p be a prime number. Then the following holds.
For any algebraically closed field k of characteristic p, we have T • d,p = FPT(P d (k)). (4) There exists an F -finite filed k of characteristic p such that T d,p = FPT( P d (k)),
where
is the ring of formal power series.
is a discrete valuation ring, then we have fpt(A; m n ) = 1/n and fpt(A; 0) = 0, which proves (1) . For (4), let k := * (F p ) be the ultrapower of the algebraic closure of F p . Noting that T d,p is the closure of T • d,p = FPT pr (P d (F p )), it follows from Lemma 2.20 (2) that we have
Then the assertion in (4) follows from the isomorphism (P d (F p )) # ∼ = P d (k) which follows from Proposition 2.19.
It follows from Lemma 2.15 that for an F -finite field k and for a principal ideal (f ) P d (k), we have fpt(P Then we have fpt(A m ; (f )) ∈ Accum(FPT pr (A m )), here for a subset S of R, we denote by Accum(S) ⊆ R the set of all accumulation points of S.
Proof. Set t := fpt(A m ; (f )). Let E ⊆ N 1 be the set of all integers e > 0 such that the e-th digit t (e) of t in base p is not p − 1. By Lemma 2.13 (3) and the assumption (b), the set E is an infinite set. Fix an integer e ∈ E. For any element λ = (λ 1 , . . . , λ d ) ∈ (N 0 ) d , we denote by x λ the monomial d i=1 x λ i i . We also define
Consider the integer ν := ν f (p e ) as in Lemma 2.15. We note that it follows from Lemma 2.15 that we have ν ≡ t (e) ( mod p) and hence, ν + 1 is not divisible by p. By the definition of ν f (p e ), we have
Since A/m [p e ] is a k-vector spaced based by {x λ } λ∈Ie , there exists λ = (λ 1 , . . . , λ d ) ∈ I e such that the coefficient of f ν at x λ is non-zero. We define the monomial α e by
Since deg(x λ ) = deg(f ν ) = νD, it follows from Lemma 2.15 that the degree of α e satisfies
In particular, by the assumption (a), we have Proof. We first consider the case where p 5. We define a p := (p − 1)/2 ∈ Z. Let k be an algebraic closure Let H(z) ∈ R be the coefficient of the power G(x, y, z) ap ∈ R[x, y] at the monomial
is a non-constant monic polynomial and k is algebraically closed, there exists an element u ∈ k such that H(u) = 0. We note that u is not 0 because the coefficient of the polynomial G(x, y, 0) ap at the monomial x p−1 y p−1 is 1. Similarly, we have u = 1.
Let A := k[x, y] be a polynomial ring equipped with a structure of N 0 -graded ring such that x and y are homogeneous of degree 1 and m := (x, y) ⊆ A be the homogeneous maximal ideal. We consider a homogeneous polynomial
Then it follows from the definition of u that
By Lemma 2.15 and 2.13 (1), we have fpt(A m ; (f )) a p p = 1 2 1,p .
Therefore, Lemma 2.14 implies that fpt(A m ; (f )) = a p p Take an integer m > 0 such that m is not a power of p and is coprime to the integer a p . Then the homogeneous polynomial g := f m satisfies the conditions in Proposition 3.1. Therefore, we have fpt(A m ; (g)) = a p pm ∈ Accum(T 2,p ).
On the other hand, since m is coprime to a p , one has a p pm ∈ T 1,p = {0} ∪ {1/n | n ∈ N 1 }, which proves the corollary when p 5.
In the case where p = 3, we consider a polynomial
where we set deg(x) = deg(y) = 1. We see that f 2 ∈ m [9] , which implies fpt(A m ; (f )) 2/9. Then it follows from Lemma 2.14 that fpt(A m ; (f )) = 2/9. In particular, we have fpt(A m ; (f 5 )) = 2 45 ∈ Accum(T 2,3 ) \ T 1,3 .
When p = 2, we consider a polynomial
where we set deg(x) = 1 and deg(y) = 2. Then we see that fpt(A m ; (f 5 )) = 3 40 ∈ Accum(T 2,2 ) \ T 1,2 .
Positive results
Definition 4.1 (cf. [12] ). Let (R, ∆) be a strongly F -regular pair and a 1 , . . . , a l be non-zero ideals. We define the strongly F -regular region of a 1 , . . . , a l with respect to (R, ∆) by is Cartier for some integer e > 0 and a R be a non-zero proper ideal. Set t 0 := fpt(R, ∆; a). Then the following are equivalent.
(i) a is of vertical type with respect to (R, ∆).
(ii) SFRR(R, ∆; a, m) ∩ ℓ = ∅ for any line ℓ ⊆ R 2 such that (t 0 , 0) ∈ ℓ and the slope of ℓ is negative. (iii) SFRR(R, ∆; a, m) ∩ ℓ n = ∅ for all integer n > 0, where ℓ n ⊆ R 2 is the line such that (t 0 , 0), (0, n) ∈ ℓ n . (iv) fpt(R, ∆; a + m n ) > t 0 for all integers n > 0.
Proof. The equivalence (ii) ⇔ (iii) is obvious. If there exists a real number δ > 0 such that fpt(R, ∆, m δ ; a) = t 0 and δ < fpt(R, ∆; m), then it follows from Lemma 2.4 that for every real number 0 < t < t 0 , we have (t, δ) ∈ SFRR(R, ∆; a, m), which implies the implication (i) ⇒ (ii).
It follows from Lemma 2.4 and Lemma 2.9 (1) that the assertion in (iv) is equivalent to the equations τ (R, ∆, (a + m n ) t 0 ) = R for all n > 0. By Lemma 2.10, we have τ (R, ∆, (a + m n ) t 0 ) = (t,s)∈ℓn∩R 2 0 τ (R, ∆, a t m s ), which implies the equivalence (iv) ⇔ (iii).
For the implication (ii) ⇒ (i), we assume that a is not of vertical type and we will prove that there exists a line ℓ ⊆ R 2 such that (t, 0) ∈ ℓ, the slope is negative and SFRR(R, ∆; a, m) ∩ ℓ = ∅.
Let 0 t (n) 0 q −1 be the n-th digit of t 0 in base q := p e . Noting that t 0 is a rational number ([20, Theorem B]), it follows from Lemma 2.13 (2) that after replacing e by its multiple, we may assume that t (n) 0 is non-zero and constant for n 2 . Set a := t (2) 0 . For any integer n 0, we set x n := t 0 n,q . By Lemma 2.13 (1), we have x n+1 = x n + a/q n+1 for every n 1 and lim n−→∞ x n = t 0 .
Set y n := fpt(R, ∆, a xn ; m) for every integer n 1. Since a is not of vertical type, we can see that lim n−→∞ y n = 0. On the other hand, by [13, Corollary 5.5] , there exists an integer N > 0 such that y n+1 y n − N/q n for any integer n 0. Let ℓ ′ ⊆ R 2 be the line such that (t 0 , 0) ∈ ℓ ′ and the slope is −qN/a, that is,
Let y ′ n be the real number such that (x n , y ′ n ) ∈ ℓ ′ . Then for every n 1, we can see that y n y ′ n , which implies (x n , y ′ n ) ∈ SFRR(R, ∆; a, m). Let ℓ ′′ be the line which passes through (t 0 , 0) and (x n , y ′ n+1 ) for all n 1, that is,
Then for any point (x, y) ∈ ℓ ′′ ∩ R 2 0 with x x 1 , there exists n 1 such that x x n and y y ′ n . Since (x n , y ′ n ) is not contained in SFRR(R, ∆; a, m), nor is (x, y). Finally, let M > q 2 N/a be a real number and ℓ be the line such that (t 0 , 0) ∈ ℓ and the slope is −M. Since the slope −M of ℓ is smaller than that of ℓ ′′ , for any point (x, y) ∈ ℓ with x x 1 , we have (x, y) ∈ SFRR(R, ∆; a, m). On the other hand, if M is sufficiently large, then for every point (x, y) ∈ ℓ with x < x 1 , we have y fpt(R, ∆; m), which implies (x, y) ∈ SFRR(R, ∆; a, m). Therefore we have SFRR(R, ∆; a, m) ∩ ℓ = ∅, as desired.
Theorem 4.5. Let (R, ∆) be a strongly F -regular pair such that (p e − 1)(K R + ∆) is Cartier for some integer e > 0, t > 0 be a real number and ∆ # be the flat pullback of ∆ to the catapower R # . Then the following hold.
(1) t is an accumulation point of the set FPT(R, ∆) if and only if there exists a non-zero ideal a R # such that t = fpt(R # , ∆ # ; a) and a is of vertical type with respect to (R # , ∆ # ).
(2) If t is an accumulation point of the set FPT pr (R, ∆), then there exists a nonzero principal ideal a R # such that t = fpt(R # , ∆ # ; a) and a is of vertical type with respect to (R # , ∆ # ).
Proof. We first prove the assertion in (2) . We assume that t is an accumulation point of FPT pr (R, ∆). Then there exists a sequence of proper principal ideals {a m = (f m )} m∈N R such that t m := fpt(R, ∆; a m ) satisfies t m = t for every m ∈ N and lim m−→∞ t m = t. Since the set FPT pr (R, ∆) satisfies the ascending chain condition ( [13] ), after replacing by a subsequence, we may assume that t m > t for every m.
Set a := [a m ] m ⊆ R # . We note that a is a principal ideal generated by [f m ] m ∈ R # . By Lemma 2.20 (2), we have t = fpt(R # , ∆ # ; a). Let m # ⊆ R # be the maximal ideal. For every integer n > 0, since we have a + m n # = [a m + m n ] m , it follows from Lemma 2.20 (3) that there exists m ∈ N such that fpt(R # , ∆ # ; a + m n # ) = fpt(R, ∆; a m + m n ) fpt(R, ∆; a m ) > t. Therefore, it follows from Proposition 4.4 that a is of vertical type, which complete the proof of (2) . The proof of the only if part of (1) is similar.
Next, we consider the if part of (1). We assume that there exists a non-zero proper ideal a ⊆ R # such that t = fpt(R # , ∆ # ; a) and a is of vertical type. Then it follows from Proposition 4.4 that t n := fpt(R # , ∆ # ; a + m n # ) > t for every n > 0. By considering a generator of a, we can construct a sequence of non-zero ideals {a m } m such that a = [a m ] m . By Lemma 2.20 (3), for every n > 0, there exists an integer m n ∈ N such that t n = fpt(R, ∆; a mn + m n ) ∈ FPT(R, ∆). Since t = lim n−→∞ t n , we conclude that t is an accumulation point of the set FPT(R, ∆). Lemma 4.6. Let (R, ∆) be a strongly F -regular pair such that (p e − 1)(K R + ∆) is Cartier for some integer e > 0, a be a non-zero proper principal ideal and t := fpt(R, ∆; a). If the test ideal τ (R, ∆, a t ) is m-primary and the denominator of t is not divisible by p, then a is not of vertical type with respect to (R, ∆).
Proof. Let ϕ = ϕ e ∆ : F e * R −→ R be as in Definition 2.7. Take an integer M > 0 such that m M ⊆ τ (R, ∆, a t ). Let r := dim(m/m 2 ) be the embedding dimension of R. After replacing e by its multiple, we may assume that t(p e − 1) is an integer.
Noting that τ (R, ∆; a t ) ⊆ m and the test ideal is uniformly (∆, a t , F )-compatible, we have ϕ n (F en * (a t(p en −1) · τ (R, ∆, a t ))) ⊆ τ (R, ∆, a t ) ⊆ m (1) for every n > 0. On the other hand, since a is principal, it follows from Lemma 2.9 (4) that
Combining with the inclusion (1) and Lemma 2.9 (5), we have τ (R, ∆, a t(p en −1)/p en m (M +r)/p en ) ⊆ m, which implies fpt(R, ∆, m (M +r)/p en ; a) < t(p en − 1)/p en < t for every n > 0. Since n runs through all positive integers, we have fpt(R, ∆, m δ ; a) < t for every δ > 0, as desired.
Theorem 4.7. Let (R, ∆) be a d-dimensional strongly F -regular pair such that (p e − 1)(K R + ∆) is Cartier for some integer e > 0. Then we have Accum(FPT pr (R, ∆)) ∩ Z (p) ⊆ FPT pr <d (R # , ∆ # ). Proof. Take t ∈ Accum(FPT pr (R, ∆)) ∩ Z (p) . By Theorem 4.5 (2), there exists a principal ideal a R # such that t = fpt(R # , ∆ # ; a) and a is of vertical type with respect to (R # , ∆ # ). Applying Lemma 2.20 (1) and Lemma 4.6, the ideal τ (R, ∆, a t ) is not m # -primary, where m # ⊆ R # is the maximal ideal. Take a prime ideal p = m # ⊆ R # such that τ (R # , ∆ # , a t ) p = (R # ) p . Since test ideals are compatible with the localizations (Lemma 2.9 (6)), we have
On the other hand, since dim R # = d by Lemma 2.19, we have dim(R # ) p < d and hence we conclude that t ∈ FPT pr <d (R # , ∆ # ). (1) . We assume that d 2 and the assertion holds in d − 1. It follows from Lemma 2.22 (2) that
. By induction hypothesis and Lemma 2.22 (5), we have
, which completes the proof.
Two dimensional case
Proposition 5.1. Let (R, ∆) be a strongly F -regular pair such that (p e − 1)(K R + ∆) is Cartier for some integer e > 0 and f 1 , . . . , f l ∈ m be non-zero elements such that the triple (R, ∆, l i=1 (f i ) 1 ) is sharply F -pure outside m. Then there exists an integer M > 0 such that for any real number 0 t i < 1 and any element g i ∈ R such that
(2)
In particular, we have SFRR(R, ∆; (f 1 ), . . . , (f l )) = SFRR(R, ∆; (g 1 ), . . . , (g l )).
Proof. Set f := l i=1 f i ∈ R and q := p e . It follows from Lemma 2.9 (3) and Lemma 2.11 that there exists an ideal q ⊆ R such that τ (R, ∆, (f ) 1−ε ) = q for any sufficiently small ε > 0. We note that by Lemma 2.9 (2), for any real number 0 t i < 1, we have
On the other hand, it follows from Lemma 2.4 and Lemma 2.9 (1) (6) that the ideal q is m-primary. Let M > 0 be an integer such that m M ⊆ (mq) [q] .
Take g 1 , . . . , g l ∈ R such that g i ≡ f i mod m M . Noting that Z[1/p] ⊆ R is a dense subset, combining with Lemma 2.9 (3), it is enough to verify the equation (2) in the assertion in the case where t i ∈ [0, 1) ∩ Z[1/q] for all i.
Fix t 1 , . . . , t l ∈ [0, 1)∩Z[1/p] and Let n 0 be the smallest integer such that q n t i ∈ Z for all i. If n = 0, then we have t 1 = · · · = t l = 0 and hence the equation (2) is obvious.
We assume that n 1 and the assertion holds for n − 1. Let qt i = ⌊qt i ⌋ + {qt i } be the decomposition of qt i into the integral part ⌊qt i ⌋ ∈ Z and the fractional part 
where we define f qt• 
where g t• • := i g t i i and g . For any prime number p > 0, we have T 2,p = T • 2,p . Proof. Take an algebraically closed field k of characteristic p such that the regular local ring A := P 2 (k) satisfies T 2,p = FPT pr ( A) (Lemma 2.22 (4)). Take a non-zero principal ideal (f ) A. By lemma 2.22 (3), it is enough to show that there exists a non-zero principal ideal (g) ⊆ A such that fpt( A; (f )) = fpt(A; (g)). Consider the irreducible decomposition f = l i=1 f n i i ∈ A. Since the triple ( A, 0, l i=1 (f i ) 1 ) is sharply F -pure in codimension one, applying Proposition 5.1, there exists g 1 , . . . , g l ∈ A ′ such that SFRR( A, 0; (f 1 ), . . . , (f l )) = SFRR( A, 0; (g 1 ), . . . , (g l )).
Set g := l i=1 g n i i . Then it follows from Remark 4.2, Lemma 2.9 (7) and Lemma 2.22 (3) that fpt( A; (f )) = fpt( A; (g)) = fpt(A; (g)) as desired.
